The set of distinct eigenvalues of a signed digraph S together with their multiplicities is called its spectrum. The energy of a signed digraph S with eigenvalues z 1 , z 2 , · · · , z n is defined as E(S) = n j=1 |ℜz j |, where ℜz j denotes real part of complex number z j . In this paper, we show that the characteristic polynomial of a bipartite signed digraph of order n with each cycle of length ≡ 0 (mod 4) negative and each cycle of length ≡ 2 (mod 4) positive is of the form
n j=1 |ℜz j |, where ℜz j denotes real part of complex number z j . In this paper, we show that the characteristic polynomial of a bipartite signed digraph of order n with each cycle of length ≡ 0 (mod 4) negative and each cycle of length ≡ 2 (mod 4) positive is of the form
where c 2j (S) are nonnegative integers. We define a quasi-order relation in this case and show energy is increasing. It is shown that the characteristic polynomial of a bipartite signed digraph of order n with each cycle negative has the form
where c 2j (S) are nonnegative integers. We study integral, real, Gaussian signed digraphs and quasi-cospectral digraphs and show for each positive integer n ≥ 4 there exists a family of n cospectral, non symmetric, strongly connected, integral, real, Gaussian signed digraphs (non cycle balanced) and quasi-cospectral digraphs of order 4 n . We obtain a new family of pairs of equienergetic strongly connected signed digraphs and answer to open problem (2) posed in Pirzada and Mushtaq, Energy of signed digraphs, Discrete Applied Mathematics 169 (2014) 195-205.
Introduction
A signed digraph (or briefly sidigraph) is defined to be a pair S = (D, σ) where D = (V, A ) is the underlying digraph and σ : A → {−1, 1} is the signing function. The sets of positive and negative arcs of S are respectively denoted by A + (S) and A − (S). Thus A (S) = A + (S) ∪ A − (S). A sidigraph is said to be homogeneous if all of its arcs have either positive sign or negative sign, and heterogeneous otherwise. Throughout this paper, bold arcs will denote positive arcs and dotted arcs will denote negative arcs.
Two vertices are adjacent if they are connected by an arc. If there is an arc from a vertex u to the vertex v, we indicate this by (u, v) . A path of length n − 1 (n ≥ 2), denoted by P n , is a sidigraph on n vertices v 1 , v 2 , · · · , v n with n−1 signed arcs (v i , v i+1 ), i = 1, 2, · · · , n−1. A cycle of length n is a sidigraph having vertices v 1 , v 2 , · · · , v n and signed arcs (v i , v i+1 ), i = 1, 2, · · · , n−1 and (v n , v 1 ). A sidigraph S is said to be strongly connected if its underlying digraph S u is strongly connected. The sign of a sidigraph is defined as the product of signs of its arcs. A sidigraph is said to be positive (negative) if its sign is positive (negative) i.e., it contains an even (odd) number of negative arcs. A sidigraph is said to be all-positive (respectively, all-negative) if all its arcs are positive (negative). A sidigraph is said to be cycle balanced if each of its cycles is positive, otherwise non cycle balanced. The negative of a sidigraph S denoted by −S is the sidigraph obtained by negating sign of each arc of S. Throughout we call cycle balanced cycle a positive cycle and non cycle balanced cycle a negative cycle and respectively denote them by C n and C n , where n is number of vertices.
The adjacency matrix of a sidigraph S with vertex set {v 1 , v 2 , · · · , v n } is the n × n matrix A(S) = (a ij ), where
The characteristic polynomial |zI − A(S)| of the adjacency matrix A(S) of a sidigraph S is called the characteristic polynomial of S and is denoted by φ S (z). The eigenvalues of A(S) are called the eigenvalues of S. The set of distinct eigenvalues of S together with their multiplicities is called the spectrum of S. If S is a sidigraph of order n with distinct eigenvalues z 1 , z 2 , · · · , z k and if their respective multiplicities are m 1 , m 2 , · · · , m k , we write the spectrum of S as spec(S) = {z
, where u, v ∈ V (S). A one to one correspondence between sigraphs and symmetric sidigraphs is given by Σ ← → Σ , where ← → Σ has the same vertex set as that of sigraph Σ, and each signed edge (u, v) is replaced by a pair of symmetric arcs (u, v) and (v, u) both with same sign as that of edge (u, v) . Under this correspondence a sigraph can be identified with a symmetric sidigraph. A sidigraph is said to be skew symmetric if its adjacency matrix is skew symmetric. A linear subsidigraph of a sidigraph S is a subsidigraph with indegree and out degree of each vertex equal to one i.e., each component is a cycle.
The following is the coefficient theorem for sidigraphs [1] .
for all j = 1, 2, · · · , n, where £ j is the set of all linear subsidigraphs L of S of order j, p(L) denotes number of components of L and c(L) denotes the set of all cycles of L and s(Z) the sign of cycle Z.
The spectral criterion for cycle balance of sidigraphs (sigraphs) given by Acharya [1] is as follows. Theorem 1.2. A sidigraph (sigraph) S is cycle balanced (balanced) if and only if it is cospectral with the underlying unsigned digraph (graph).
The energy of a graph is defined as the sum of the absolute values of graph eigenvalues. This concept was given by Gutman [9] . Later the concept of energy was extended to digraphs by Peña and Rada and they defined the energy of a digraph to be the sum of the absolute values of the real parts of digraph eigenvalues [14] . The energy of a sigraph Σ was defined by Germina, Hameed and Zaslavsky [8] as E(Σ) = n j=1 |λ j |, where λ 1 , λ 2 , · · · , λ n are eigenvalues of the sigraph Σ. Recently, this concept was generalized to sidigraphs [13] as E(S) = n j=1 |ℜz j |, where z 1 , z 2 , · · · , z n are the eigenvalues of S and ℜz j denotes real part of z j . This definition was motivated by Coulson's integral formula for sidigraphs [Theorem 3.3, [13] ]
)dx where ι = √ −1 and
F (x)dx denotes the principle value of the respective integral. We note that in [4] Brualdi calls this type of energy as the low energy.
For more information about spectra and energy of graphs, sigraphs, digraphs and sidigraphs see [4, 5, 9, 10, 13, 14, 15, 16] .
Esser and Harary in [7] showed that the spectrum of a strongly connected digraph D remains invariant under the multiplication by −1 if and only if it is bipartite. We show there are non bipartite strongly connected sidigraphs with this property. As in bipartite digraphs, in general, the even coefficients of non cycle balanced bipartite sidigraphs does not alternate in sign. For example the characteristic polynomial of non cycle balanced bipartite sidigraph S in Fig. 3 is φ S (z) = z 4 + z 2 . Clearly, even coefficients do not alternate in sign. Now, consider the non cycle balanced bipartite sidigraph S 1 in Fig. 2 , the characteristic polynomial is φ S 1 (z) = z 6 − z 4 + 2z 2 . In this case, even coefficients alternate in sign. In [17] , the authors considered the bipartite digraphs with characteristic polynomial of the form
where c 2j (D) are nonnegative integers for every j = 1, 2, · · · , ⌊ n 2 ⌋ and studied a large family of bipartite digraphs ∆ n consisting of digraphs with n vertices where each cycle has length ≡ 2 (mod 4) with characteristic polynomial of the form (1). Because of this alternating nature of even coefficients it was possible to compare energies of digraphs in ∆ n by means of quasi-order relation. It is natural to consider the same problem for sidigraphs. We show bipartite sidigraphs on n vertices with each cycle of length ≡ 0 (mod 4) negative (i.e., containing odd number of negative arcs) and each cycle of length ≡ 2 (mod 4) positive (i.e., containing an even number of negative arcs) has characteristic polynomial of the form (1). We denote this class of sidigraphs by ∆ 1 n . We derive an integral expression for the energy and define a quasi-order relation to compare the energies of sidigraphs in this case. We also study another class of bipartite sidigraphs on n vertices with all cycles negative (i.e., each cycle has odd number of negative arcs) and show a sidigraph in this class has characteristic polynomial of the form
where c 2j (S) are nonnegative integers for every j = 1, 2, · · · , ⌊ n 2 ⌋. We denote this class of sidigraphs by ∆ 2 n . Two sidigraphs of same order are said to be cospectral (or isospectral) if they have the same spectrum. In [6] , the authors studied digraphs with integral, real and Gaussian spectra. We study sidigraphs with integral, real and Gaussian spectra and we show for each positive integer n ≥ 4 there exists a collection of n non cycle balanced, non symmetric, strongly connected, integral, real and Gaussian cospectral sidigraphs of order 4 n . Two noncospectral sidigraphs of same order are said to be equienergetic if they have the same energy. Equienergetic sidigraphs were obtained in [13] and the authors raised the following open problem. Problem 1.3. Find an infinite family of pairs of noncospectral equienergetic sidigraphs on n ≥ 4 vertices with both constituents non cycle balanced.
In this paper, we obtain a new family of strongly connected equienergetic sidigraphs and give the answer to Problem 1.3.
Spectra of sidigraphs
Recall a sidigraph S is bipartite if its underlying digraph is bipartite. The following result by Esser and Harary [7] characterizes strongly connected bi-partite digraphs in terms of spectra. Theorem 2.1. A strongly connected digraph D is bipartite if and only if its spectrum is invariant under multiplication by −1.
Let S be a bipartite sidigraph, then as in [Theorem 3.3, [5] ], the characteristic polynomial of S is given by φ S (z) = z δ ψ(z 2 ), where δ is a nonnegative integer and ψ(z 2 ) is a polynomial in z 2 . Therefore the spectrum of a bipartite sidigraph remains invariant under multiplication by −1.
Unlike in digraphs, the converse of Theorem 2.1 is not true for sidigraphs. For example sidigraphs S 1 and S 2 in Fig. 1 are two strongly connected non bipartite sidigraphs of order 17. It is easy to check that
We recall the definitions of type a, type b, type c and type d linear sidigraphs from [13] . From Theorem 1.1, We have the following result. The following result shows that the characteristic polynomial of a sidigraph in ∆ 1 n is of the form (1).
where c 2j (S) = |£ 2j | is the cardinality of the set £ 2j .
where
denotes the sum over those linear subsidigraphs L ∈ £ 4j whose components are cycles of length ≡ 0 (mod 4) only,
denotes the sum over those linear subsidigraphs L ∈ £ 4j whose components are cycles of length ≡ 2 (mod 4) only and
denotes the sum over those linear subsidigraphs L ∈ £ 4j which have components consisting of both types of cycles. Now
Now, by Lemma 2.4, we have
|. Again by Lemma 2.4, we have which have an odd number of cycles of length ≡ 0 (mod 4). Note that the number of cycles of length ≡ 2 (mod 4) is even. Therefore,
Also,
denotes the sum over those linear subsidigraphs L ∈ £ 4j+2
whose components are cycles of length ≡ 2 (mod 4) only, and
denotes the sum over those linear subsidigraphs L ∈ £ 4j+2 which have components consisting of both types of cycles. By Lemma 2.4, we have
Also, which have an odd number of cycles of length ≡ 0 (mod 4).
Again, by Lemma 2.4, we have
Remark 2.6. Here we note that there exist bipartite and non bipartite non cycle balanced sidigraphs not in ∆ 1 n which have characteristic polynomial with alternating coefficients. Sidigraphs S 1 and S 2 in Fig. 2 
The following result shows that the characteristic polynomial of a sidigraph in ∆ 2 n is of the form (2). Proof is same as the proof of Theorem 2.5. Theorem 2.7. Let S ∈ ∆ 2 n . Then characteristic polynomial is given by
where c 2j (S) = |£ 2j | is the cardinality of the set £ 2j . Fig. 3 Remark 2.8. We note that there exist bipartite and non bipartite non cycle balanced sidigraphs not in ∆ 2 n which have characteristic polynomial of the form (2). Sidigraphs S 1 and S 2 in Fig. 1 and sidigraph S in Fig. 3 does not belong to ∆ 2 n because former are non bipartite and latter has a positive cycle of length 2. By Theorem 1.1, φ S 1 (z) = z 17 + 3z
Recall the definition of Cartesian product of two sidigraphs from [13] . Let S 1 = (V 1 , A 1 , σ 1 ) and S 2 = (V 2 , A 2 , σ 2 ) be two sidigraphs, their Cartesian product (or sum) denoted by S 1 × S 2 is the sidigraph (V 1 × V 2 , A , σ) , where the arc set A is that of the Cartesian product of underlying unsigned digraphs and the sign function is defined by
Unlike Kronecker product [12] , Cartesian product of two strongly connected sidigraphs is always strongly connected as can be seen in the following result.
Lemma 2.9. Let S 1 and S 2 be two strongly connected sidigraphs. Then
, where we assume p ≤ q (case p > q can be dealt similarly). Since S 1 is strongly connected, there exists a directed path (u i , u i+1 )(u i+1 , u i+2 ) · · · (u p−1 , u p ). Also, strong connectedness of S 2 implies there exists a directed path (
By definition of Cartesian product, Fig. 4 illustrates that there exists a directed path from (u i , v j ) to (u p , v q ). Signs do not play any role in connectedness, so we take all arcs in Fig. 4 positive. Similarly, one can prove the reverse part.
Definition 2.10. A sidigraph is said to integral (real or Gaussian) according as spectrum of S is integral (real or Gaussian) respectively.
Integral, real and Gaussian spectral digraphs were studied by Esser and Harary [6] . The following three results show the existence of non cycle balanced integral, real and Gaussian sidigraphs.
Theorem 2.11. For each positive integer n ≥ 4, there exists a family of n integral cospectral, strongly connected, non symmetric and non cycle balanced sidigraphs of order 4 n . Proof. Consider sidigraphs S 1 and S 2 in Fig. 5 . Clearly S 1 and S 2 are non cycle balanced and strongly connected. By Theorem 1.1,
Therefore, spec(S 1 ) = spec(S 2 ) = {−2, 0, 1 (2) }. That is, S 1 and S 2 are integral cospectral.
where we take k copies of S 1 and n − k copies of S 2 . Clearly, for each n, we have n cospectral sidigraphs S (k) , k = 1, 2, · · · , n of order 4 n . S 1 and S 2 are non symmetric implies S (k) is non symmetric. By repeated application of Lemma 2.9 and using the fact that the Cartesian product of sidigraphs is cycle balanced if and only if the constituent sidigraphs are cycle balanced [Theorem 4.8, [13] ], the result follows.
Integral sidigraphs are obviously real. There exists non integral real sidigraphs as can be see in the following result. n . Proof. Consider sidigraphs S 1 , S 2 and S 3 shown in Fig. 6 . Clearly, all three sidigraphs are non cycle balanced and strongly connected. By Theorem 1.1,
Therefore, spec(S 1 ) = spec(S 2 ) = spec(S 3 ) = {− √ 2, −1, 1, √ 2}. Take any two sidigraphs among S 1 , S 2 and S 3 and apply procedure of Theorem 2.11, the result follows. n . Proof. Consider sidigraphs S 1 , S 2 and S 3 in Fig. 7 . It is clear that S 1 is cycle balanced whereas S 2 and S 3 are non cycle balanced. Moreover all three sidigraphs are strongly connected. By Theorem 1.1,
Therefore, spec(S 1 ) = spec(S 2 ) = spec(S 3 ) = {−1, 1, −ι, ι}. Hence S 1 , S 2 and S 3 are Gaussian cospectral. Take any two sidigraphs among S 1 , S 2 and S 3 and proceed in a similar way as in Theorem 2.11, the result follows.
Two digraphs D 1 and D 2 are said to be quasi-cospectral if there exist sidigraphs S 1 and S 2 on D 1 and D 2 respectively such that φ S 1 (z) = φ S 2 (z) i.e., S 1 and S 2 are cospectral. Two cospectral digraphs are quasi-cospectral by Theorem 1.2, as we can take any two cycle balanced sidigraphs one on each digraph. Two digraphs are said to be strictly quasi-cospectral if they are quasi-cospectral but not cospectral. Two digraphs D 1 and D 2 are said to be strongly quasi-cospectral if both D 1 and D 2 are cospectral and there exists non cycle balanced sidigraphs respectively S 1 and S 2 on them such that φ S 1 (z) = φ S 2 (z). It is clear that if D 1 and D 2 are strongly quasi-cospectral digraphs, then both should have at least on cycle. For quasi-cospectral and strongly quasi-cospectral graphs and digraphs see [2, 3] . Definition 2.14. We say two digraphs D 1 and D 2 are integral, real and Gaussian strongly quasi-cospectral if both D 1 and D 2 are respectively integral, real and Gaussian cospectral and there exists non cycle balanced sidigraphs S 1 and S 2 on them which are respectively integral, real and Gaussian cospectral.
The following two results show the existence of integral and real strongly quasi-cospectral digraphs. 
where we take k copies of D 1 and n − k copies of D 2 . In this way, for each n ≥ 4 we get n cospectral non symmetric and strongly connected integral digraphs. Thus for any two of these integral cospectral digraphs D (k 1 ) and D (k 2 ) there exists corresponding non cycle balanced sidigraphs S (k 1 ) and S (k 2 ) on them which are integral cospectral.
The following result shows the existence of real strongly quasi-cospectral digraphs.
Theorem 2.16. For each positive integer n ≥ 4, there exists a collection of n real, strongly connected, non symmetric and strongly quasi-cospectral digraphs of order 4 n . Proof. Let D 1 and D 2 be the underlying digraphs of sidigraphs S 1 and S 2 as shown in Fig. 6 . It is easy to see that
Thus D 1 and D 2 are real strongly quasi-cospectral. Applying the same technique as in Theorem 2.15, the result follows.
Energy of sidigraphs
In [17] , the authors compared the energies of digraphs in ∆ n consisting of bipartite digraphs with each cycle of length ≡ 2 (mod 4). We now derive integral expressions for sidigraphs in ∆ Given sidigraphs S 1 and S 2 in ∆ 1 n , by Theorem 2.5, for i = 1, 2, we have
where c 2j (S i ) are non negative integers for all j = 1, 2,
⌋, then we write S 1 ≺ S 2 . The following result whose proof is same as the proof of the [Theorem 2.4, [17] ] shows energy increases with respect to this quasi-order relation.
In particular, if S 1 , S 2 ∈ ∆ 1 n and S 1 ≺ S 2 then E(S 1 ) < E(S 2 ).
Next we derive an integral expression for the energy of a sidigraph in ∆ 2 n .
Proof. We know from [13] that the energy of a sidigraph S satisfies the integral expression
so that n . Then by Theorems 2.5 and 2.7, the characteristic polynomials of S 1 and S 2 are given by
If n is odd, then φ S 1 (ιz) = ±ιφ S 2 (z). The sign is + or − according as n ≡ 1 (mod 4) or n ≡ 3 (mod 4) respectively. If n is even, then φ S 1 (ιz) = ±φ S 2 (z). The sign is + or − according as n ≡ 0 (mod 4) or n ≡ 2 (mod 4) respectively. Therefore, spec(S 1 ) = ιspec(S 2 ). From this relation energy of both sidigraphs can be calculated from the eigenvalues of the either sidigraph. For i = 1, 2, let z ij = ℜz ij + ιℑz ij , where j = 1, 2, · · · , n be the eigenvalues of S i and ℑz j denotes the imaginary part of z j . Then
In [17] , the authors proved that the energy of a digraph in ∆ n decreases when we delete an arc from a cycle of length 2. As in digraphs, in general it is not possible to predict the change in the energy of a non cycle balanced sidigraph by deleting an arc from a cycle of length 2. It can decrease, increase or remain same by deleting an arc of a cycle of length 2 as can be seen in the following example.
Example 3.4. Consider the sidigraphs S 1 , S 2 and S 3 as shown in Fig. 8 . It is easy to see that φ S 1 (z) = z 6 + 2z 4 + 1 and φ S ) ≈ 2.9104. So the energy increases in this case. Also, φ S 2 (z) = z 6 + z 4 − z 2 − 1 and spec(S 2 ) = {−1, 1, −ι (2) , ι (2) } so that E(S 2 ) = 2. If we delete arc (v 1 , v 2 ), the resulting sidigraph has eigenvalues {−1, 0 (2) , 1, −ι, ι} so the energy of the resulting sidigraph is again 2. That is, the energy remains same in this case. It is not difficult to check that E(S 3 ) = 2+2 √ 2 and E(S
So the energy decreases in this case.
The following result shows that the energy of a sidigraph in ∆ 1 n decreases when we delete an arc from a cycle of length 2. The proof is same as the proof of [Theorem 2.6, [17] ].
Theorem 3.5. Let S be a sidigraph in ∆ 1 n with a pair of symmetric arcs and let S ′ be the sidigraph obtained by deleting one of these arcs. Then
Equienergetic sidigraphs
Two noncospectral sidigraphs S 1 and S 2 are said to be equienergetic if E(S 1 ) = E(S 2 ). For equienergetic (si)digraphs see [11, 13] . We construct a new family of strongly connected equienergetic sidigraphs and answer to the open problem 2 raised in [13] . The sidigraphs so constructed are shown in Fig. 10 , where for vertex v j , positive integer j is odd. Clearly, both the sidigraphs are non cycle balanced. By Theorem 1.1, we have φ S 3 n (z) = z n + z n−3 + z n−j + z and φ S 4 n (z) = z n − z n−3 − z n−j + z. Clearly, S 3 n and S 4 n are noncospectral. As both n and j are odd, so both n − 3 and n − j are even. Also, φ S 3 n (−z) = −z n + z n−3 + z n−j − z = −φ S 4 n (z). Therefore, spec(S 
Open problem
We conclude this paper with the following open problem for further study. 
